The origin of the medieval Falchion, and a Typology
The medieval European Falchion is characterized by having a curved single edged blade with a short back edge. The blade is always broader near the tip (at the optimal striking point) than at the hilt. The hilt is identical with the hilt of the knightly sword of the same period. The cross may be straight or slightly curved, but the pommel is most often a variant of the disc form. Later examples (after c.1450) may be influenced by the Italian Renaissance and may have different cross-and pommel forms. The focus here is on the earlier types with knightly sword-hilts, dating not later than c.1480.
Based on existing examples I have worked out a Typology.

Type I

A more or less curved blade, the back is partly straight or completely curved. The main cutting edge is convex, with a short concave back edge and an acutely pointed tip. This is the type which possibly derived from the East, adapted with a knightly sword- hilt of the period. It is shown in art from c.1280-1470, later examples already with Renaissance-hilts.

A well known example of this type is the excavated Thorpe Falchion in the Norfolk Museum, dating c. 1350 (fig.7).
Type II

This type has a broad and stiff blade with a straight or slightly concave back, with a short straight back edge at the tip. The cutting edges are merging at the broadest point in a convex curve c. 150 mm before the tip, which is not very acutely pointed. This type of falchion is completely different from Type I, therefore and by the frequency it appears in Central and Western European art, I assume a Central or Western European origin instead of an East European. This is the earliest depicted type that I have found and is shown in art from c.1245 until c.1480, later examples already with Renaissance-hilts. The best known example of this type in not excavated condition is the Conyers Falchion at Durham Cathedral, dating c.1260-1270 (fig.6+6a).
Type III

This type looks at first sight very similar in shape to type I, but is completely different, because the cutting edge is on the opposite side.

It has a straight back for the first two thirds from the hilt. The cutting edge is straight or slightly concave, abruptly turning to a strongly concave edge at the tip. The back edge is straight or slightly convex. The tip may be flat or reinforced and of diamond section, optimized for thrusting. Regarding only the first half of the blade at the tip, it resembles strongly to halberds of the period c. 1300-1400. This type seems to be clearly a development of type II, by a concave cutting out of the blade at the tip, to form a more acutely pointed tip. It is shown in art from c.1300-1450.

A well preserved excavated example of this type is in the Army Museum in Paris, dating c.1370-1400 (fig.8). Another, the cross missing, is in the Netherlands Army Museum
(fig.9a). Another, the cross also missing, appeared at an Auction in 2011(fig.9b)
There are some illuminated manuscripts, where somewhat irregular types of falchions are depicted. They may form sub-types of the types above, but as I know no existing examples of these types, I have not mentioned them here.

It is assumed that the Falchion derives from the Frankish scramasax, a long single edged fighting knife. Although the majority of scramasax have equal broad blades, there are a number of examples where the blade has a short concave back edge at the tip, resembling a Falchion (fig.10).
However the sax went out of use in Central and Western Europe during the 9th and 10th century. Single edged swords survived in Scandinavia, where the Vikings, especially in Norway, used single edged swords with the typical Viking hilt. However the blade of these is straight and equal broad over the whole length. Therefore these weapons can be no direct ancestor of the Falchion, and the origin of Type II and III remains uncertain.
Another region where curved single edged weapons were further used was in Eastern Europe and its Asian neighbours. It is assumed that the Type I of the Falchion derived from there and was adapted in Western Europe with the typical hilt of the knightly sword used in the 13th century. An indication for this assumption is the fact, that in many early depictions Falchions of this type are carried by oriental warriors.
No depictions of European Falchions dating before c.1245 are known to me. The well known Maciejowski Bible of c.1250, famous for its extremely accurate depictions of arms and armour and battle scenes, shows no typical Falchions, but a very interesting single edged sword, which may be a forerunner of the Falchion before the adaption of the knightly hilt. This curious weapon has a single edged blade with its broadest part at the tip, the back at the tip is hollowed out concave one or several times. The grip is simply made of the tang, bent at an angle of 180 degrees to form a hook, and wrapped with leather (fig.11a,b). 
Despite of the accurate depiction of all arms and armour in this manuscript, I assumed that this weapon may be pure fantasy, but I was disabused. Viewing old auction catalogues, I found an excavated weapon of exactly the same shape (fig.12). Further research revealed more examples. A drawing of a warrior, dating unknown, shows exactly the same type (fig.12a). A very early example is depicted on a relief from the Porta Romana, at Castello Sforzesco in Milan, dating 1171 (fig.13).    
